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Abstract

The following are some problem solutions from a course in stochastic differential equations I took
from Jan Wehr in spring 2008 at the University of Arizona. Here I collect various topics related to
the Ito formula: statement of the formula, special cases, integration techniques, and solutions to some
interesting SDEs. For the latter, I include analytical results as well as plots obtained from numerical
simulations.



Contents

T sfochastic] I (problom 1.5.0)
EE o T with oo ool (oroblem 2.2)
|9 Martingales (problem 2.3)
0.1 Problem 2.3.8 . . o o o oo
0.2 Problem 2.3.H . . . . . ..
[10 Mean-reverting Ornstein-Uhlenbeck process (problem 2.4)
N Stochostioalls forced vibrati ing (problem 2.5)
[12 The Feynman-Kac formuld

10

12

14
14
14

17

21

22

26

27
27
29

31

33

37



39
39
40
41
41

42

43



List of Figures

[ Problem 1.5.a: Xe=b/ A4+ . . oo 11




1 Reference

Before presenting problem solutions, I will first tabulate some results for ready reference. The following
are collected from [@ks| and from my problem solutions, using definitions and notation as in [@ks|. See
also |[GS] and/or [Law]| for more background information on Brownian motion, martingales, and stochastic
differential equations.

1.1 The Ito formula in one dimension

Proposition 1.1. If

dXt :e(Xt,t) dt—f—f(Xt,t) dbt (11)
is an Ito process and
y=g(t, )
is a C? map from [0,+00) x R to R, then
th = g(taXt)
is again an Ito process with
Jdyg g 10%g 9
dYy; = 5 (t X;)dt + 3_(t X)dX, + - 5 9m 5 (t, X)) dX;. (1.2)

Remark. Recall that we use the Ito calculus rules
db? = dt, dt? =0, dtdb, =0
when expanding dX?.

Remark. If we expand dX; (equation [[I)) into [[.2, we obtain an alternate expression

dX2 = 2 dt? + 2ef dt db, + f2db? = f2dt (1.3)
) dg 2 92
dy; = 89@ Xe)dt + 57 (¢, X,) (e dt + f dby) + f2 - 29, Xt)d (1.4)
dg 99 2
(8t (t.X1) +e 52 294, X,) + 7W(t,Xt)> dt+f (t X¢) db;. (1.5)

The following two cases appear more often in the problem solutions than the general statement of proposition
[Tl so they are worth writing down to relieve the brain of the task of error-prone on-the-fly relabeling.

Proposition 1.2. Special case with e =0 and f = 1: If x = g(t,u) is C? then

Xt =g(t, be)
is an Ito process with
dg dg 10?2
ax, = 3 99 (t,by) dt + 22 o I (t,b) dX; + = ST Z 9 (t,b,) dX? (1.6)
dg 10%g dg
<8t (t,by) + iﬂ(t’bt)> dt + = 9 —=(t, by) dby. (1.7)
Proposition 1.3. Special case with e =0 and f = 1 and no explicit time dependence: If
Xy =g(be)
then
1 82 8



1.2 The Ito formula in higher dimensions
Proposition 1.4. Let

dXt(l) U1 dt V1,1 tee V1,m dbgl)

ax™ U dt Un.1 mm )\ dbi™

<

i.e. in matrix notation

dX; =udt+ V db;.
(This is called am n-dimensional Ito process.) Let g : [0, +00) x R™ — RP be a C? map:

Y1 g1(t,x) gi(t,x1,...,2n)
Yp gp(t’x) gp(tv'rlv"'v'rn)
Then
Y, = g(taxt)

is again an Ito process with kth component (for k=1,...,p)

8 6 [3 . a T
ay,®) = (1, X,) dt+z Ik (X)) ax® 41 Z 920 It (t X,)dx " ax.

i,j=1
Remark. Recall that we use the Ito calculus rules

a’ db? =5, di*=0,  dtdb?) =0

when expanding dXt(i) dXt(j),

Again, there is a special case when the input Itd process is simply n-dimensional Brownian motion; again,
it is worth writing down as such since this case arises often.

Proposition 1.5. Let g : RT x R™ — R" be a C? map:

T g1(t,u) g1t ur, . um)
Tn gn(t, 1) In(t, w1, .oy Um)
Then
Xt = g(ta bt)
is again an Ito process with kth component (for k=1,...,n)
ax® = 99 p,) dt—i—Z 09 “(t by) bl + = Z P (t,by) dbl db?.
t ot Ou;0u; v

1,5=1



1.3 The Ito formula from two dimensions to one

Proposition 1.6. Let g: RT x R2 = R be a C? map
z=yg(t,z,y).

Then
Zy = g(t, X4, )

is again an Ito process with

iz, =29 994, Xt,Yt)dt—i-g (t, X1, Yy) dX, + g (t, X;,Y,) dY;
y

ot
1 9% 2 1 6% 2, d%g
+§W(t7Xt;}/t)dXt 28 g(t Xta}/t)dy 6$6y(t’Xt’}/t)dXtd}/t

1.4 A derivation of the one-dimensional Ito formula

This is not a proof (see e.g. [@ks| section 4.1) — rather, it is a heuristic discussion intended to remind me
why which terms appear where.

e Start with
dXt = G(Xt, t) dt + f(Xt, t) dbt

Consider

Y: = g(Xtvt)'

We need to show (using the formulation of equation [L3])

~(9g dg fo?
Yy = <6t(t Xi) + 8_(t Xt)_'—?(?—(t Xt)) dt+f (t X¢) db.

Using the shorthand partial-derivative notation g; = dg/dt etc., Taylor-expand dY as

dY = gpdt + gpdX + 22 g“ at* + g” dX? + gip dt dX + higher order terms

= gedt + gule dt—i-fdbt) g” dt? + g;””( edt + fdby)? + gip di(edt + f dby) +

Use dt2 = 0, dt db, = 0, db? = dt:
dY = gy dt + gu(edt + f db;) + g%f%lt
:gtdt+egmdt+f29§dt+fgmdbt

= (90 +egu+ /2 B2 dt + f g db.



1.5 The stochastic product rule

Proposition 1.7. Let X;, Y; be Ito processes. Then

d(X:Y:) = Xt dYs + Y dX; + dX; dYs.

Proof. Using the Ito formula in the form of proposition [[6 with g(x,y) = zy, we have

dg dg dg d%g d%g
— = _— = _— = _— = _ = d
a0 wm Y T g% e

0%g

Then
d(X, Yy) =Y, dX, + X, dY, + dX, dY;.

1.6 Stochastic integration by parts

Proposition 1.8. For Ito processes X and Y3,
t t t
/ X dYs = XY, — XoYo — / Y, dXs — / dXsdYs.
0 0 0

Proof. Using the stochastic product rule (proposition [L.7)), we have

d(X:Y:) = Xt dYs + Ve dX; + dX; dYy
X dY; = d(X; Yy) — Yy dX; — dX, dY;.

Integrating from 0 to ¢ gives

t t t t
| xeave= [acev - [ viax. - [ax.ay,
0 0 0 0

t t
ZXth—XOYO—/ stXs—/ dxX, dY,.
0 0

Corollary 1.9. For f; not depending on by, we have

t t
/ fodby = fiby— / by dfs.
0 0

Proof. Putting X; = f; and Y; = b, the proposition gives

t t t
/ fodbs = fiby / bo dfs — / df, db,
0 0 0

~9 1
0zxdy

since bp = 0. By the Ito calculus rule dtdb; = 0, the last integral vanishes as long as there is no db; in

df;.
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1.7 The Ito isometry

Proposition 1.10. For all f such that the Ito integral is defined,
tg 2 t2
t1 tl

1.8 Expectation of integrals

E

Proposition 1.11. For all f such that the Ito integral is defined,

E [/tt fsdbs} =0.

Proof. This is property (iii) on p. 30 of @ksendahl. The proof is quick for step functions, since
E[Cbt] = CE[bt] =0

on each piece; for the general case, one takes limits of step functions.



2 Damped Brownian motion (problem 1.5a)

Prove that

solves

-1 1
— X dt + —— dby.

dX; =
1+t 1+t

Proof. Use the It6 formula in the form of proposition with

x
9o =
We have
dg —x dg 1 0%g
oGz o ixe w5z =0
Then
—by db

X, =

dt
(1+1)? +1+t
-1 1
- X,dt + —— db,.
Tt
O

Figure [ shows five realizations of X; with ¢ from 0 to 10 in steps of 0.005. The exact solutions and
approximate solutions (using naive a first-order Euler method) are both plotted, but are indistinguishable
at this scale.

Python source code for all solutions plotted in this document may be found in the directory
http://math.arizona.edu/ kerl/doc/565C/code/

I will not include source code for each problem. Here, however, is the Python code for this problem: this
gives the flavor of the numerical approach.

import random # For random.gauss: generation of normal deviates
from math import * # For sqrt

T =10.0 # End time

nt = 2000 # Number of mesh points

dt = T/nt # Time step

t =0.0 # Initial time

Bt = 0.0 # Initial value of Brownian motion

Xexact = Bt / (1+t) # Initial exact solution
Xapprox = Bt / (1+t) # Initial approximate solution
while (t <= T):
Xexact = Bt / (1+t)
print "%11.7f %11.7f Y11.7f ¥9.3e" % (t, Xexact, Xapprox, Xexact-Xapprox)
dB = random.gauss(0, sqrt(dt))
# First-order Euler update:
Xapprox += -1/(1+t) * Xapprox * dt + 1/(1+t) * dB
Bt += dB; t += dt

10
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Figure 1: Problem 1.5.a: X, = b;/(1 +1).
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3 Brownian motion on an ellipse (problem 1.5b)

Let

X: = Acos(b:)
Y: = Bsin(b),

where A, B > 0. Show that these solve

1 A
dX; = _EXt dt — B Y, db,

1 B
dY; = —§Y} dt + 1 X dby.

Proof. Use the Ito formula (once for X; and once for Y;) in the form of proposition [[H with m =1, n = 2,
and

g(t,x) = Acos(x)
h(t,z) = Bsin(z).

Ellipse

Figure 2: Problem 1.5.b: Cosine part of Brownian motion on an ellipse with A = 2 and B = 3.

12



We have

dg oh

ot o =

99 4. oh

e —Asin(z), e B cos(z),
0%g 0%h i
2 —Acos(z), prohe —Bsin(x)

Then

dXt = —? COS(bt) dt — Asin(bt) dbt

B
dY; = ) sin(b;) dt + B cos(bt) db;

1 A
dX; = —§Xt dt — B Y, db,

1 B
dYy; = —§Yt dt + 1 X db,.

Figure 2] shows one realization of X; with ¢ from 0 to 2 in steps of 0.0001, with A = 2 and B = 3. The
approximate solution is again a naive first-order Euler; the error control is poor here. One may take this as an

advertisement for higher-order numerical methods, and/or as an advertisement for the value of closed-form
solutions.
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4 Exponential models with noise (problem 1.5.c)

4.1 Exponential growth with noise (problem 1.5.c.i)
Solve the equation

dX; = X, dt + db;
with an arbitrary constant initial condition Xy = c.

! and compare with d(e~*X};). The equation to be solved becomes

We may try the integrating factor e~
€7t dXt = eftXt dt + €7t dbt
On the other hand, applying the stochastic product rule (7)), we have

dle™'Xy) = d(e Xy + e 'dX; + d(e”)dX;
= —e ' Xydt + e (X dt + dby) — et dt(X, dt + dby)
= —e X, dt+ et X, dt + e tdb, — eI X dt? — e~ tdt dby
= et db,.

¢ ¢
/ de™*X;) = / e °dbs
0 0

t
et X, — Xy = / e °dbs
0

Integrating both sides, we have

t
e X, = c+/ e °db,
0

t
X;=cel + et/ e °dbs.
0

Figure [3 shows five realizations of X; with ¢ from 0 to 2 in steps of 0.001. Here, the exact and approximate
solutions are indistinguishable. The expected value is also shown. This is

t
E[Xt] = E[cet] + FE |:€t/ e’ db5:|
0
= cet

using the non-stochasticity of the first term and proposition [[.I1] for the second term.

4.2 Exponential decay with decaying noise (problem 1.5.c.ii)

Solve the equation
dXt = —Xt dt + eitdbt

with an arbitrary constant initial condition Xo = c.

We may try the integrating factor e and compare with d(e?X;). The equation to be solved becomes

et dXt = —etXt dt + dbt

14



Noisy growth

16 T

Figure 3: Problem 1.5.c.i: dX; = X; dt + db;, along with E[X].

Noisy decay

-1.0 *

Figure 4: Problem 1.5.c.ii: dX; = —X; dt + e~ tdb;, along with E[X;].
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Applying the stochastic product rule (7)), we have

d(e'X;) = ' Xydt + €' dX; + €' dt dX;
=e!'Xpdt + e (= Xy dt + e b dby) + et dt(— Xy dt + e " dby)
=t X, dt — e X, dt + db,
= dby.

Integrating both sides, we have

t t
/ d(e*Xs) = / dbs
0 0

etXt = Xo = bt - bo
Xt = (C+ bt)e_t.

Figure @ shows five realizations of X; with ¢ from 0 to 10 in steps of 0.001. Here, the exact and approximate
solutions are indistinguishable. The expectation E[X}] is also shown. This is

E[X;] = E[ce "]+ E[bie™"] = ce™*

since b; has mean 0 for all ¢.
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5 Brownian bridges (problem 1.5.d)

Part (i): Verify that the process

dbg
1—5’

t
n:Au_w+Bpu1_o/ 0<t<l,
0

s a solution of
B -Y,

dY;, = = ttdt—i—dbt, 0<t<1,Y,=A.

Differentiating the first equation, we have

t
d}/t_Ad(l—t)—i-Bdt—i-d((l—t)/ 1dbs >
0 _S

— (B— A)dt +d ((1 —t)/ot 1dfss> '

Using the stochastic product rule requires taking d of the integral. I want to use the second fundamental
theorem of calculus, but that applies to Lebesgue integrals; I don’t know how to apply it to a stochastic
integral. In order to convert from the latter to the former, I will use integration by parts (proposition [[J),

1
namely, ) )
/ Fodby = fiby — / by df.
0 0

Here f(s) = (1 —s)~! and dfs = ds/(1 — s)?. Thus

/t dby, b _/t by ds
o 1—s 1—t Jy (1-5)2"

t t
d/ dbg :d( by )—d/ bsds2
0 1—8 1-—t¢ 0 (1—8)
db; by dt by dt
= —— +db; dt —
R T P sy
dby

1—t

Then

Returning to dY; we have

t db, b db, b dbyg
dYt:(B—A)dt—dt/ +(1—t)d/ —dtd/
0 1 0 1 0

1—s

t
dbg db db
:(B—A)dt—dt/ +(1—t) —= — dt—
o 1—s 1—t¢ 1—t
t
dbg
:(B—A)dt—dt/ + db,.
0o 1—s
I am asked to show v
dY, = — tt dt + dby.



I need to show

t —_
B—A—/ dbs :B Y:
0 1—s 1-—1t

which is true if

" dbs
B —t)— A1 —t)— (1—1¢) =B-Y,
o 1—s
which is true if
t t
B(l—t)—A(l—t)—(l—t)/ b, :B—A(l—t)—Bt—(l—t)/ b,
0 1—s 0 1—s
which is true if
t t
B(l—t)—A(l—t)—(l—t)/ @b, :B—A(l—t)—Bt—(l—t)/ b
0 1—s 0 1—s

which is true.

Figure Bl shows twenty realizations of Y; with ¢ from 0 to 1 in steps of 0.001. The approximate solutions are
plotted.

Brownian bridges

‘0.0 0.2 0.4 0.6 0.8 1.0

Figure 5: Problem 1.5.d: Brownian bridges running from zero to zero in time one.

Part (ii): Show that lim;_,; Y; = B with probability 1.

Proof. Since
dbs

1—s’

Y,;:A(l—t)—i—Bt—i-(l—t)/t
0

18



We have
b db,
limY; =B+ (1—1t)lim .
t—1

t—1 Jy 1—s
/t dbs
o 1—s

or at least if it goes to infinity slower than 1/(1 —t).

The last term goes to zero as long as

< oo w.p.l,

Perhaps the Ito isometry (proposition [LT0) will help. With
1-—t

[s

we have

But this is

by elementary calculus.

Part (iii): Find the mean and covariance of Y for A= B =0.

todbg
e
0 _S

The variance is easily found — from part (ii), it is

Here

ElY?] - E[Y))* = E[Y?] = t(1 - 1).
The mean is zero by proposition [[L.T1]

For the covariance, assume without loss of generality that s <t¢. Then — with the key being to separate the
integral from 0 to ¢ into an integral from 0 to s and another from s to ¢t — we have

E[KK]—E[(l—s)(l_t)/os by /Ot dbv]

1—u 1—w

 db, \? * db, b db,
1-s5)(1-tE E .
(f 125) [ro-mo-oe ([ 2] 2] 1]
The second expectation factors due to independence of the events; the first expecattion is as found in part
(ii). Then we have

—(1-s)(1-tE

E[Y,Y)] = (1= s)(1 - )=
-8
=s(1—1).
Note that for s = ¢ I recover the variance that I obtained using Ito isometry: this is reassuring.

Part (iv): Verify that
Xy :=by—thy, 0<t<1,

has the same distribution as Y.

19



Proof. T will first compute the mean and covariance of X;. These uniquely characterize Brownian motions;
I would hope they also uniquely characterize Brownian bridges. (Regardless, the exercise is good practice
for me.)

For the mean, we have
For the covariance, recalling that

Elbsb] = s At

where s At is the minimum of s and ¢, we have

E[XX{] = E[(bs — sb1)(b; — tby)]

E[bsb] — E[tbibs] — E[sbibs] + E[stb?]
=sAt—t(sAN1)—s(tA1)+ st
=SsAt—2st+ st

= s At — st.

Now, if s < t then this is s — st = s(1 — t), matching my result from part (iii). Happily, using the X;
formulation of the bridge I get the more elegant expression s A ¢t — st, which is valid whether s < ¢ or not —
an expression which I might not have so easily gotten using the Y; formulation.

Now, do these computations suffice to answer the original question? Do the zero-to-zero Brownian bridges
form a Gaussian family? O

20



6 Complex Brownian motion (problem 1.5.e)

Let (a¢,bt) be two-dimensional Brownian motion. The complez-valued function
Ct = ay + ’th
is called a complex Brownian motion. Let F be an entire analytic function. For Z; = F(c:), prove that

dZt = F/(Ct) dCt.

Proof. Write
z = F(w)

in the form
r +iy = g(u,v) + ih(u,v),

ie. w=u+1iv, z=x+1y, and F = g+ ih. Then
Xt = g(at, by)
}/t = h(at,bt).

Use the It formula in the form of proposition Since dg/0t and Oh/Ot are zero, day db; is zero, and
da? = db? = dt, we have

_0Og dg 1 /0% 0%
dXt— %dat‘f'%dbt‘i‘i <W+W
oh oh 1 /0%h  O°%h
dY, = —d —dh+ - =—+==|.
"7 ou at+8v t+2 (6u2+8v2>

Since F' is entire analytic, its components g and h satisfy the Cauchy-Riemann equations

oh 8y

99 _ oh oh
or Oy

3x_8_y

and

These in turn yield harmonicity of g and h:

0% 0% 0°h @ B

9 Tar a2 Tae

Thus
_ 9y g
dXt = % dat + % dbt
oh oh
dY;g = %datﬁ-%dbt

which is to say
dZt = F/(Ct) dCt.

Figure [0l shows one realization of ¢; with ¢ from 0 to 5 in steps of 0.0005.

21



Complex Brownian motion
2.5 :

—_
ax

Imaginary part
o =
=

0.0

Real part

Figure 6: Problem 1.5.e: Complex Brownian motion.

7 Iterated stochastic integrals (problem 1.5.f)

The following is an important Ito formula for an iterated stochastic integral:

t Un u2 /2 bt
n!/ dbun/ dby,. / dby, = t"/?h,, <—>
0 0 ! 0 ! \/E

() = (—1)"e5 2 (e;)

dx™

is the Hermite polynomial of degree n. Verify the formula for n =0,1,2,3.

where

Proof. First recall

ho(z) =1,
hi(z) = =,
ho(z) = 2% — 1,
ha(z) = 2* — 3z

Case n = 0: This is immediate, as 0! = 1.

22
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Case n = 1: The left-hand side is .
/ db, = by;
0

b
/2 ﬁ = b,.

t S t
2/ dbs/ de:2/ dbg by
0 0 0

1,
—2(5”t‘§>

the right-hand side is

Case n = 2: The left-hand side is

the right-hand side is

I take it that

is well-known. However, I will re-derive it, as it illustrates the technique used below. Use the It6 formula in
the form of proposition [L3l Guess

22
g(z) = o
SO 9 o
et and 922
Then for
Xt =g(be)
we have

b? _10% dg
dXt—d< )—282d7§—|—8 dbs

z—dt by dby.
5 + 0t a0y
t 2 t t
b 1
d(—s)z—/ds—i— bs dbg
/0 2 2 Jo 0

t 2
/ b, dby = b—t - E
0 2 2
Case n = 3: The left-hand side is

t s
/db/db/db —6/ dbs/ db, b,
0 0

Integrating from 0 to ¢ we have



The right-hand side is

=by —tbh
* % %
First we need to compute
t
/ b2 dbs.
0
Proceeding as above and guessing
3
g(I) - ?7
we have 5 o2
g 9 g
% X and W 2x.
Then for
Xy =g(be)
we have
b3 10%g dg
dX;=d| L) ====dt+=2db
! < 3 ) 2 0x? + x
= by dt + b? dby.

Integrating from 0 to ¢ we have
t 3 t t
/ d(—s) :/ bsds—i-/ b2 db,
0 3 0 0
t bS t
/ b2db, = 2+ —/ bs ds.
0 3 0

® %k
Next we need to compute
t
/ sdbs.
0
Guessing
g(x) =tz
we have
@ =z @ =t and @ =
ot or dr2
Then for
Xt =g(t,by)
we have

dg 102 )
dX, = d(th,) = (8_j+§8_xg) dt—i—a—gdbt

= by dt + tdb:.

24



Integrating from 0 to ¢ we have

t t t
/d(sbs)z/ bsds—i—/ sdbg
0 0 0
t t
/ sdbs:tbt—/ bs ds.
0 0

X ok X

The left-hand side in the original equation to be verified now becomes

t t t t
g/ @d@——3/ﬂsdm::@——3/1mds—3tm4—3/‘mds
0 0 0 0

= b — 3tb.

The right-hand side is

as desired.

25



8 Exponential growth with multiple noise sources (problem 2.2)

Let ¢, aq,...,ap be constants; let by = (bﬁl), ey b§")) be n-dimensional Brownian motion. Let

Xy =exp | ct+ Za‘jbgj)

j=1
Prove that

1 n n .
dXi= (et 5D 0f | Xedi+ X, Y- aydb.
j=1

J=1

Proof. Use the multidimensional It6 formula in the form of proposition We have

g(t’u17 s 7un) - GCtealul . .eanun
10)
6_§(t7u17-- -,’LLn) =cg
9]
%(tvulw. '7un) = a]g
J
0 2
a_ii’(t’ulv'--vun):afg-

Then

1 n n )
CXt + 520&?}(,5 dt+zant dbgj)

(

1~ - )
c—|—§;aj Xtdt—l—XtZajdbt .

j=1

26



9 Martingales (problem 2.3)

9.1 Problem 2.3.a

Prove that
X, = e'/? cos(by)

is a martingale with respect to the filtration of the Brownian motion by.

First recall that a stochastic process is a martingale with respect to a filtration Fy if
E[X: | Fs] = Xs.

This is an overblown, measure-theoretic way of obscuring the simple statement that, conditioned on X = a,
the expected value of X, for times past s is a.

For a concrete example, consider the d’Alembert system. The time ¢ is in discrete steps ¢t = 0,1,2,.... One
random variable, Cy, is the outcome of a coin flip with probability p of heads where we encode heads as +1
and tails as —1. The second random variable is

This represents the accumulated earnings of a gambler who, beginning with zero balance, plays a game
wherein he/she wins a dollar for each head and loses a dollar for each tail. Now suppose that at the sth step
the gambler has a balance of a = 100. (That is, condition on X, = 100.) If the coin is fair, the expected
value of X471 is (101 + 99)/2 = 100. Likewise F[Xs42 = (102 + 2 - 100 + 98)/4 = 100 and so on. We say
that for t > s, E[X¢|Xs = a] = a. One then generalizes this statement by considering not just one specific
value of a but instead all values of X: we collect all the a’s into a o-algebra bag. We say

E[X; | FJ] = X..

Last, note that if the coin has a probability p > 1/2 of heads, then the expected future earnings, conditioned
on the present balance, exceed the present balance. Similarly, if p < 1/2, then E[X; | Fs] < X,. The
d’Alembert system is a martingale if and only if the coin is fair.

Brownian motion is simply (in a very specific sense) the limiting case of the d’Alembert system. When
thinking of martingales with respect to the filtration of Brownian motion, I ask myself: for all processes X;
which pass through a at time s, what is the expected value of those processes at subsequent times ¢ — is
that expectation above, below, or at the current value a.

X ok X

Returning to the original problem, recall two facts:

o If X is F-measurable, then E[X | F] = X.
e If X is independent of F, then E[X | F] = E[X].

We split X into (X; — Xs) + Xs. Then

E[X, | Fs|=E[X, — X, | Fs] + E[Xs | F].

27



Now X; — X is independent of Fs and Xy is Fs-measurable. Thus
E[X,; | Fs] = EF[Xi] — B[ X ] + X..

We will be done if we can show E[X;] = F[X;]. Figure [[ shows forty realizations of X; for ¢ from 0 to 2
in steps of 0.002. The figure suggests that E[X;] = 1 for all ¢. T have computed, but have not included in
this paper, plots of e cos(b;) for values of ¢ above and below 0.5: for ¢ < 0.5, the mean E[X;] drops down
from 1 as t increases from 0 (and X; is a supermartingale); for ¢ > 0.5, E[X}] rises from 1 (and X; is a
submartingale). Also note from the figure that, for each ¢, values of X; occur with less spread, but more
densely, above 1; they occur with more spread, but less densely, below 1. Thus the density function of X; is
asymmetrical but nonetheless has mean 1 for all ¢.

Figure 7: Problem 2.3.a: 40 realizations of e*/2 cos(b;), with sample mean X; and envelope curves e'/2.

Since

Ele'’? cos(by)] = e!/? E[cos(b,)],
I need to show that E[cos(b;)] = e~%/2. This is plausible intutively: at ¢ = 0, b; is 0 and cos(b;) = 1. As t
increases slightly, the distribution of b; spreads a little above and below 0, so cos(b;) spreads a little below 1.
As t becomes quite large and the distribution of b; approaches uniformity on the real line, cos(b;) approaches
uniformity on [—1,1] and so the expectation of the latter approaches 0. This matches the behavior of e t/2
— as well as e~ " in general; I need to show what’s special about ¢ = 1/2.

Since E[X] = [ X dP for random variables X, and since the Law of the Unconscious Statistician tells me

E[f(X)] = [ f(X)dP, and since b; is normal with mean 0 and variance ¢, I can write down explicitly

1t 22
Elcos(by)] = o / cos(z) e” 2 dx.

T
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To solve this, observe that cos(b;) = Re(e?t). Employing the complete-the-square trick which is usual for
Gaussian integrals, we have

Elcos(b:)] = Re(E[ ibt])

r=-400

t\/27r — o
= L /z - exp __—1 (x2—2tix—t2+t2)] dx
21 Jpe | 2t

=—00

t?/2t pxz=+oo r
e -1 2
= — exp | — (x —ti)"| dx
t\/ 27 /z:foo P L 2t ( ) :|

et/2 =400

—1 o
= — exp | — (x — ti dx.
t\/ 2 T=—00 P L 2t ( ) :|

P 7m2/2t dx

Ble™)) =

I am done as long as

Re </:_+OO exp [;—tl (z— ti)z} dx) = tV/2m.

=—0C

9.2 Problem 2.3.b
Prove that
Xt = (bt + t) exp(—bt — t/2)
is a martingale with respect to the filtration of the Brownian motion by.

Just as above, we have
EX, | F] = E[X¢] — E[X,] + X

again, it suffices to show that F[X;] is constant along t.

Figure [ shows forty realizations of X;. Many values of X; drop far below the horizontal axis and have been
clipped from the viewing window. Here X; has much higher variance than in the previous problem, but it
appears (from multiple computational runs) that the sample mean approaches 0 for all .

As in the previous problem, I can combine the Law of the Unconscious Statistician with the known density
function of by to compute E[X]:

E[X,]| = E[(by + t)e " e™t/?]
= e 2E[(by + t)e ")
= eft/2E[bt e U+ eft/QE[t e .
One computes

e Te T /th

=400
1 t/2\/> (t—i—x) 3/2  , —a?/2t—
erf t te™* x
T ter [ 2 V2t r=—oc
— _\Eet/?

E[bt G_b' =

—x?/2t—x

since erf goes to £1 as © — +00, respectively, and since e goes to 0 as z — =£oo0.

29



Figure 8: Problem 2.3.b: 40 realizations of (b; + t) exp(—b; — t/2) with sample mean X;.

Likewise, one computes

Then

E[X/]=e"?Ebie ] + e E[te"]
_ _eft/Q\/Zet/Q + eft/Q\/get/Z

=0

as desired.
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10 Mean-reverting Ornstein-Uhlenbeck process (problem 2.4)

Solve the mean-reverting Ornstein-Uhlenbeck equation:
dXt = (m — Xt) dt + O'dbt

with real constant m and positive real constant o. Compute the mean and variance of the solution, using
constant initial condition Xg.

Since this is first-order, an integrating-factor approach is again a good guess:

et dX; = e'(m — Xy) dt + oe' db;
d(e' X;) = e' Xy dt + e'(m — Xy)dt + oe’ db,
= me' dt + oe’ db,.

Integrating from 0 to ¢, we have

t t t
/ d(e® Xy) zm/ e’ ds—l—o/ e® db
0 0 0

¢
e' Xy — Xo =m(e! — 1) +U/ e® dbs
0
¢

Xi = Xoe t+m(1 —e') + U/ et dbs.
0

The mean is

t
E[X)] = Xoe " +m(l—e ")+ 0oF [/ est dbs}
0
= Xoe "+ m(l—eh)
where the expectation of the integral vanishes by proposition [[.111

For the variance, we first compute X?2:

" 2
X2 =XZe ' +mP*(1l—e ) +0° (/ est dbs>
0

t t
+2mXpe (1 —e7t) + 2Xoe_t0/ e tdbs + 2ma(l — e ") / e*~ " dbs.
0 0

The last two terms have zero expected value by proposition [LTT} the first, second, and fourth terms are
non-stochastic and are their own means. For the third term I can again use the It6 isometry (proposition

[LI0) with fs =e5 %

t 2 t t
E|e 2 </ e’ dbs) ] =F |:€_2t/ e%s ds] = e_2t/ e?* ds
0 0 0
e e e, 1 — =2t
= 2 [e }5:0 = 2 [e - 1] = D)

Combining terms, we have

2
E[X?] = X2e 2 +m?(1 —e )2 + 2mXo(e ™" — e 2h) + %(1 —e ).
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Then

Var(X;) = E[X2] — E[X,]?

o2
2

=Xge M+ mPfl—e )+ 2mXple —e )+ —(1—e )

—Xge T —m*(1 —e 2 —2mXo(e ! — e )

o2

= ?(1 —e ),

The interpretation of the mean and variance is that the process starts surely at Xy, then moves toward m:
specifically, the initial state Xy decays exponentially while the difference from the steady state m decays
exponentially. Meanwhile the standard deviation of the process starts at zero, then increases to a steady-state

value o //2.

Figure [0 shows six realizations of X; with ¢ from 0 to 10 in steps of 0.01. The parameters are Xy = 1.7,
m = 2, and o = 0.05. In addition to the six realizations of the process, I also plot the mean F[X;], along
with the mean plus or minus one and two standard deviations.

Mean-reverting Ornstein-Uhlenbeck process

T T T T T I
2.1F ; — - M+2S[]
i 7 — - M+S
— M
— - M-S
Wl X1
2.0r *Y ... X2 7
o4 - X3
oz |- X4
.- X5
> 1.9 _
1.8 fhs .
e
1.7 | _

Figure 9: Problem 2.4: The mean-reverting Ornstein-Uhlenbeck process. M = E[X;]; S = Var(X;)'/?.
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11 Stochastically forced vibrating string (problem 2.5)

Solve the stochastically forced vibrating-string equation:

dXt:Y}dt—i—adat
dY, = — X, dt + B db,

where «, B are real consants and at, by are independent Brownian motions.

On scratch paper, I tried using a pair of integrating factors — one for each equation — but this did not
result in any simplification. Following a hint in [@ks], I realize that we may write

dXt . 0 1 Xtdt + adat
vy )\ -1 0 Y;dt Bdb: )’

and that the appropriate integrating factor for this coupled (hence second-order) equation is e~4* where
0 1
(1),

o0
An

o—At _ Z
n!

n=0

Writing down the power-series expansion

and collecting even and odd terms, one recognizes the Maclaurin series for sine and cosine in the matrix

oAt _ ( cos(t) —sin(t) ) '

sin(t)  cos(t)

elements, leading to

Multiplying the coupled equations through by the integrating factor gives
cos(t) —sin(t) dX: \ [ cos(t) —sin(t) 0 1 X, dt
sin(t)  cos(t) dY;y )\ sin(t)  cos(t) -1 0 Y dt
4 cos(t) —sin(t) aday
sin(t)  cos(t) B dby

(et ot )= (o) o ) (Vi )+ (oot pom )

cos(t)dX, —sin(t)dY; \ _ sin(t) X; + cos(t)Yz acos(t) day — Bsin(t) dby
( sin(t) dX; + cos(t) dY; ) n ( —cos(t) Xy + sin(t)Y; ) + ( asin(t) day + B cos(t) dby ) ‘ (11.1)

Now, as in the one-dimensional problems above, we need to find

(e (50)) Sl ).



Then
dg

il sin(t)z — cos(t)y, py cos(t), ay = —sin(¢),
oh . oh . oh
i cos(t)z — sin(t)y, e sin(t), - cos(t),

and all second partials in « and/or y are zero. Then

dg = —sin(t)X¢dt — cos(t)Yrdt + cos(t)dX:; — sing dY;

dh = cos(t)Xydt — sin(t)Yidt + sin(t)dX; + cos; dY;. (11.2)

Now we can re-write equation [[T.1] as

< cos(t) dX; — sin(t) dY; ) B ( sin(t) X; dt + cos(t) Y; dt )

acos(t) day — Bsin(t) dby
sin(t) dX; + cos(t) dY; — cos(t) Xt dt + sin(¢) Yz dt '

asin(t) das + 3 cos(t) dby
Using equation TT.2] we have
g (oAt X:\\ [ acos(t)da — Ssin(t) dby
Y:) )\ asin(t)da; + Bcos(t)db: |-

Integrating both sides with respect to ¢, we obtain
¢ _as [ Xs a [ cos(s) das — B [ sin(s) dbs
dle v = 9 9 .
0 s o [y sin(s) das + B [ cos(s) dbs

eAt< X, ) _ < Xo ) . ( a fy cos(s) da, = 3 J sin(s) db, ) |

a fot sin(s) das + 8 [, cos(s) dbs

< X, ) _ ( cos(t) sin(t) > < Xo + a [} cos(s) das — B fg sin(s) dbs > |

—sin(t) cos(?) Yo+ a fot sin(s) das + 3 [, cos(s) db,

Figure [[0 shows a realization of X; and Y; for ¢ from 0 to 100 in steps of 0.01 and o = 8 = 0.01: the upper
plot shows shows X; Y; as functions of time, while the lower plot is a phase portrait. Figure [[1lis similar,
but with o = 8 =0.1.
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Stochastic string, alpha=heta=0.01
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Figure 10: Problem 2.5: Weakly stochastically forced vibrating string.
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Stochastic string, alpha=beta=0.1
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Figure 11: Problem 2.5: Strongly stochastically forced vibrating string.
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12 The Feynman-Kac formula

The following was not contained in Dr. Wehr’s problem set, but (as I write this section in the summer
of 2008) is useful background material for my comprehensive exam. The proof is adapted from [Law],
with missing steps filled in and notation changed to match that used in this paper. (See also [@ks] where
uniqueness of the solution is proved.)

Proposition 12.1. The solution to the partial differential equation

)2 92
%(t,x) = f(2) %(t,w) + e(:c)%(t, x) + g(z)o(t, x) (12.1)

with initial condition
#(0,2) = h(z)
1S

#(t,z) = E° {h(Xt)eXp {/Otg(Xu)du}] , (12.2)

where X satisfies
dXy = e(Xy) dt + f(X¢) dby

and E*[Y] denotes E[Y | Xo = x]. (We assume that this expectation exists for all t,x.)

Remark 12.2. We call X; a time homogeneous diffusion, or simply a diffusion, since e and f depend on X;
but not on ¢ directly. Note that X; is Markovian.

Proof. Let ¢(t,x) be given by equation 2.2l We will show that it satisfies [2.1] For brevity, write

t
Ji = exp {/ 9(Xu) du} .
0
Note that for s < t,

Jp = exp {/Otg(Xu) du} = exp {/Osg(Xu) du} exp {/Stg(Xu)du} = J,exp {/:g(xu) du} .

If s <t then, since J; is F-measurable,

E[h(X¢)J; | Fs] = JE {h(Xt)eXp {/Stg(Xu)du} | ]—"S]
= Jsg(t — s, Xs).

Call this quantity Ms. We claim that it is a martingale for 0 < s < ¢t. To see this, suppose r < s. Then

E[E [h(xt)Jt | Fs] |E] = E[r(Xe) i | Fr].

Using the stochastic product rule (proposition [[LT]), we have

AM, = J, do(t — 5, Xs) + dJ d(t — 5, X,) + dJ, dp(t — 5, Xs).
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For the first differential, using the chain rule and the second fundamental theorem of calculus,

dJ, = % (exp {/Osg(Xu) du}) ds = exp {/Osg(Xu)du} g(X.)ds = J, g(X.) ds.

For the second differential, applying the Itd formula (assuming sufficient differentiability) in the form of
equation [[3 to Yy = ¢(t — s, X), we obtain

2 92
do(t — s, Xs) = (%(t -8, X;) +e(Xy) %(f -5, X))+ f();s) %(t — S,XS)> ds

+ f(Xy) %(t — 8, X,) dbs.

The third product term dJs d¢(t — s, X) is zero since its differentials are of the form ds? and ds dbs. Then

9 ¢ f(Xs)? 0%¢
dMS = JS (%(t—S,XS)‘Fe(XS)% %W(t—S,XS)> ds

+ Js f(Xs) %(t — 5, Xs)dbs + Js g(Xs) o(t — s, X,) ds.

(t—s,Xs)+

Since M is a martingale, the ds terms must sum to zero. There is a common factor of Js, but the exponential
function is everywhere non-zero so the following four terms must be zero:

) ) X,)2 02
0= a—f(t — s X))+ e(Xs)a—f(t — s X))+ %8—;5@ — 6, X)) + g(X)b(t — 5, X,)
o X,)2 0° o
—8—f(t — 5, X;) = I 5 ) —ar(f (t—s,Xs)+ e(XS)a—f(t — 8, Xs) 4+ 9(Xs)o(t — s, Xs).

Putting s = 0 and recalling Xy = x, we are done:

¢ f(x)? 9*¢ 9¢
E(t,x) =3 W(t,x) + e(x)%(t, x) + g(x)o(t, x).

O

Figure [[2 plots equation [Z.2 for = from —2 to 2 in steps of 0.1, for t = 0,1,2, f =2, e=1, g =0, and

1
h =
@) =170
That is, we are estimating the solution to
o9 ¢ o9
“Z(t,x) = ——(t (¢, z).
2 (t,) = 55 (tw) + 52(4,)

The expectations are taken over 10,000 Brownian motions for each z; these are stepped with At = 0.01.
Since the coefficient on 92¢/0x? is nonzero, we expect the initial condition to spread over time; since the
coefficient on d¢/0x is nonzero, we expect drift.
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Feynman-Kac estimation
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X

Figure 12: Feynman-Kac solution for diffusion with drift.

13 Generators and forward equations

As with section [[2] the following was not contained in Dr. Wehr’s problem set, but (as I write this section
in the summer of 2008) is useful background material for my comprehensive exam.

The plan of this section is as follows:

(i) Present an Ornstein-Uhlenback process which is will be useful for comparing the generator and the
forward equation.

(ii) Define the generator, and compute it for the O-U process.
(iii) Define the forward equation, and compute it for the O-U process.

(iv) Compare and contrast.

13.1 Scaled Brownian motion, and another Ornstein-Uhlenbeck process
Definition 13.1. Scaled Brownian motion is

}/t = O'bt.
Definition 13.2. The decay-controlled Ornstein- Uhlenbeck process satisfies the SDE

dZt = —B Zt dt + O'dbt.
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Compare this DCOU process with the mean-reverting Ornstein-Uhlenbeck (MROU) process in section
I will not include plots here. The DCOU decays to mean 0; the parameter 8 allows one to control the
quickness of that decay.

To solve it, we try the integrating factor e?*:

Pt dz, = —BePt Z, dt + oePt db,
d(ePZ,) = BePtZ, dt — BeP*Z, dt + oePt db, = oePt db,

t t
/ eBSZSdSZU/ ePs db,
0 0

t
Zy = Zge Pt + 0/ e Pt=3) gp,.
0

Doing computations similar to those in section [I0, we find that Z; has mean and variance
E[Z,] = Zoe P!

02
Var(Z;) = ﬁ(l —e Y,

Definition 13.3. For a stochastic process
dXy = e(Xy, ) dt + f(Xy,t) dby,

the instantaneous mean is e(X;,t) and the instantaneous variance is f(X,t).

Thus, scaled Brownian motion has instantaneous mean 0 and instantaneous variance o2, but mean 0 and
variance 0t. The DCOU process has instantaneous mean —/3Z; and instantaneous variance o2, but mean and
variance as shown above. These computations make it clear that the instantaneous mean and instantaneous
variance of a process are distinct from its mean and variance.

13.2 Generator of a diffusion process

Definition 13.4. Let the stochastic process X; be defined by the SDE
dXt = G(Xt, t) dt + f(Xt, t) dbt

As in remark [[2.2], we say that X; is a diffusion process if e and f are time-independent, i.e. if we may
write

dXt = G(Xt) dt + f(Xt) dbt

Definition 13.5. Let X; be a diffusion process as above. Let ¢(X;) be some function of the process. (In
mathematical physics, ¢ might be some observable.) Define

fe(z) = E*[¢(X4)],
where
E[] = E[ | Xo = a.

Then f(x) satisfies
ofe _
5 = Lfe

where L is a differential operator called the generator of the process X;.
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Here we compute the generators of scaled Brownian motion and the DCOU process. As shown in [@ks]|, the
generator L of a diffusion process
dXt = S(Xt) dt + f(Xt) dbt

is

0 o2 0
L= — 4+ ——.
e(z) ox + 2 Jx?
For scaled Brownian motion, which satisfies dXy = db; so e = 0 and f = o, we have
o? 92
Lp=——. 13.1
B 2 Ox? ( )

(In d > 1 dimensions, this becomes $V?2.) For the DCOU process, with e(z) = —3z and f(z) = o, we have

0 2 92
Lpcou = —fr o + Z

92 T 2 92 (13.2)

13.3 The forward equation

Proposition 13.6. Let X; be a stochastic process (not necessarily a diffusion) satisfying the SDE
dX; = e(Xy, t) dt + f( Xy, t) dby,
with initial condition distributed according to
Xo(z) ~ g(z,0).
Then the density g(x,t) of X; satisfies the forward equation or Fokker-Planck equation of X, which

solves
x g x,t)?
9g(,1) = 0 [e(z,t)g(x,t)] + (9_ {@g(w,t)} :

ot oz 92
Remark. The forward equation governs the time evolution of the density: it is the PDE of the PDF.

Remark. The term e(z,t) is called the drift of the process; the term 1 f(x,t)? is called the diffusion. Note
that the drift is synonymous with the instantaneous mean; the diffusion is half the instantaneous variance.

Proof. See [Dks]. O

For scaled Brownian motion, with e(x,t) = 0 and f(z,t) = o, we have the forward equation

Og(x,t o? 82
E% ) =502 lg(z,t)].

For the DCOU process, with e(z,t) = —fz and f(z,t) = o, we have

dg(x,t) 0
(9 — 5.2 oglar ] +

o2 92
5 02 lg(z,1)].

13.4 Comparison

The generator and forward equation are superficially similar, but distinct. In particular, while they coincide
for the Brownian motion, they differ for the DCOU process.
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